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When the surface temperature of a liquid is a harmonic function 
of time with a frequency w, a temperature wave propagates into the 
liquid. The amplitude of this wave decreases exponentially with 
distance from the surface. The temperature oscillation is essentially 
concentrated in a layer of the order of (2 Z / c0)V,, where • is the 
thermal conductivity of the liquid (thermal boundary layer). Depend- 
ing on the phase, at certain positions below the surface the tempera- 
ture gradient is directed downwards and if its magnitude is sufficiently 
large (the magnitude is a function of the amplitude and frequency 
of the surface oscillations) the liquid can become unstable with 
respect to the onset of convection. In that case the convective mo- 
tion may spread beyond the initial unstable layer. For low frequencies 
the stability condition can be derived from the usual static Rayleigh 
criterion, on the basis of the Rayleigh number and the average tem- 
perature gradient of the unstable layer. This quasi-static approach, 
used by 8al'nikov [1], is appropriate to those cases in which the 
period of the temperature oscillations is much larger than the char- 
acteristic time of the perturbations. But when these times are of the 
same order, the problem must be analyzed in dynamic terms. The 
stability problem must then be formulated as a problem of parametric- 
resonance excitation of velocity oscillations due to the action of a 
variable parameter--the temperature gradient. 

In an earlier work [2] we considered the problem of the stability 
of a horizontal layer of liquid with a periodically varying temperature 
gradient. It was assumed that the thickness of the layer was much 
smaller than the penetration depth of the thermal wave, so that the 
temperature gradient could be assumed to be independent of position. 
In the present work we consider the opposite case, in which the 
liquid layer is assumed to be much larger than the penetration depth, 
i. e., a thermal boundary layer can be defined. The temperature 
gradient at equilibrium, which is a parameter in the equations deter- 
mining the onset of perturbations, is here a periodic function of time 
and a relatively complicated function of the depth coordinate z. The 
periodic oscillations are solved by the Fourier method; the equations 
for the amplitudes are solved by the approximate method of Karman- 
Pohlhausen. 

1. T h e  e q u a t i o n s  of  n a t u r a l  c o n v e c t i o n  a r e ,  in the  
u s u a l  no ta t ion ,  [3] 

-~y0v q_ (vV) v = - -  1__no Vp q- r a y  g~T, 

OT 
-b7 -k vVT = xAT, d i v v  = 0. (1.1) 

We c h o o s e  o u r  c o o r d i n a t e s  so  tha t  t he  (x, y) p l ane  
c o i n c i d e s  wi th  the  l iqu id  s u r f a c e .  T h e  z a x i s  i s  d i r -  
e c t e d  d o w n w a r d s .  T h e  t e m p e r a t u r e  of  the  s u r f a c e  
z = 0 i s  u n i f o r m  o v e r  the  s u r f a c e  and v a r i e s  wi th  t i m e  
as  a h a r m o n i c  func t i on  

T o ' =  e cos cot. (1.2) 

A t  e q u i l i b r i u m  (v = 0) the  t e m p e r a t u r e  i n s i d e  the  
l i q u i d  i s  d e t e r m i n e d  f r o m  the  e q u a t i o n  

OTo __ X 02To (1.3) 
Ot - -  Oz ~ " 

T h i s  h a s  t he  s o l u t i o n  

To = Oe -~= cos (cot - -  xz), x = (col2x)'/,, (1.4) 

w h i c h  s a t i s f i e s  (1.2) and v a n i s h e s  at  z --~ ~ (we c h o o s e  
the  t e m p e r a t u r e  of  the  l i qu id  a t  a l a r g e  depth  be low 
the  s u r f a c e  a s  the  t e m p e r a t u r e  da tum) .  The  quan t i t y  
6 = 1 / n  m a y  be  r e g a r d e d  as  a m e a s u r e  of the  depth  of  
p e n e t r a t i o n  of  t h e  t h e r m a l  w a v e .  The  e q u i l i b r i u m  
p r e s s u r e  P0 i s  d e t e r m i n e d  by  the  e q u a t i o n  

VP0 = -  9o~Tog. (1.5) 

To  i n v e s t i g a t e  t he  s t a b i l i t y  of  t he  u n s t e a d y  e q u i l i b -  
r i n m  (T 0, P0) we  c o n s i d e r  s m a l l  c o n v e c t i v e  p e r t u r b a -  
t i ons  ( T ' ,  p ' ,  v) .  Subs t i t u t i ng  the  p e r t u r b e d  t e m p e r a t u r e  
and p r e s s u r e  T o + T ' ,  P0 + P'  and the  v e l o c i t y  v into 
t he  s y s t e m  (1.1) and r e t a i n i n g  the  l i n e a r  t e r m s ,  we  
ob t a in  a s y s t e m  of e q u a t i o n s  f o r  the  p e r t u r b a t i o n s  

Ov l 
~/- = po vp '  + r a y  - -  g~T', 

aT' V OTo T' at + ~ = % A  , d i v v = 0 .  (1.6) 

We  c a n  e l i m i n a t e  t he  v a r i a b l e s  p ' ,  Vx, Vy by a p p l y -  
ing  to the  f i r s t  e q u a t i o n  in  (1.6) the  o p e r a t o r  c u r l  c u r l  
and p r o j e c t i n g  the  r e s u l t  on the  z a x i s .  F u r t h e r ,  we  
a s s u m e  tha t  the  p e r t u r b a t i o n s  a r e  p e r i o d i c  in the  

(x, y) p l ane ,  i . e .  a l l  v a r i a b l e s  a r e  p r o p o r t i o n a l  to 
exp  i (k ix  + k2y ). T h e  v e r t i c a l  v e l o c i t y  c o m p o n e n t  
v z =- v and the  t e m p e r a t u r e  p e r t u r b a t i o n  T '  (in t h e  
f o l l o w i n g  we  s h a l l  d r o p  the  p r i m e )  a r e  d e t e r m i n e d  by 
the  e q u a t i o n s  

( ~-~ vA ) Av =- g~k'T , 

k .~. kl~ -Iv k2 2, 

{ o __ ) OTo 
t o t  7~A T = - - ~ v ,  

02 
A = ~ --  k~). (1.7) 

We  r e w r i t e  (1.7) in d i m e n s i o n l e s s  f o r m ,  c h o o s i n g  
the  un i t s  of  l eng th ,  t i m e ,  s p e e d ,  and t e m p e r a t u r e  to 
be  1 / • 1 ' / ~ ,  O, g~k~O / v• 4. T h i s  y i e l d s  

V-P ot 

(k = (kl ~ + k~D'l'lx, P = 'v/Z, ~ = gl3el~,xzs). ( 1 . 8 )  

H e r e  k i s  a d i m e n s i o n l e s s  w a v e - n u m b e r ,  P i s  the  
P r a n d t l  n u m b e r ,  R i s  the  R a y l e i g h  n u m b e r  b a s e d  on 
the  t e m p e r a t u r e  a m p l i t u d e  a t  the  s u r f a c e  | and the  
p e n e t r a t i o n  dep th  l / n ,  a n d f ( z ,  t) i s  t he  d i m e n s i o n l e s s  
t e m p e r a t u r e  g r a d i e n t  a t  e q u i l i b r i u m ,  

,)  = e =  - j ,  (1 .9)  

( h e r e  t and z a r e  d i m e n s i o n l e s s ) .  

T h e  p e r t u r b a t i o n s  v and T m u s t  d e c a y  e x p o n e n t i a l l y  
f o r  z - ~ ' ~ .  As  r e g a r d s  t he  b o u n d a r y  c o n d i t i o n s  a t  t he  
u p p e r  s u r f a c e ,  w e  s h a l l  c o n s i d e r  two e a s e s :  

a) P l a n e  f r e e  s u r f a c e .  T h e  n o r m a l  c o m p o n e n t  of  
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ve loc i ty ,  the t angen t i a l  s t r e s s e s ,  and the t e m p e r a t u r e  
p e r t u r b a t i o n  van i sh ,  i . e .  

02v v = ~ = T = 0  at  ~=0.  (1.10) 

b) Sol id boundary .  Al l  ve loc i ty  componen t s  and the 
t e m p e r a t u r e  p e r t u r b a t i o n  vanish ,  i . e . ,  

Ov v=Tz- - - -T - - - -0  at  z=0 .  (1.11) 

2. We sha l l  c o n s i d e r  the f r e e - s u r f a c e  c a s e  f i r s t .  
E l i m i n a t i n g  the t e m p e r a t u r e  p e r t u r b a t i o n  T f r o m  the 
s y s t e m  (1.8), we obta in  an equat ion for  v 

0 t A ) h v = - - k 2 R ] ( z , t ) v .  (2.1) 

Tak ing  into account  (1.10) and (1.8), we r e p l a c e  the 
boundary  condi t ion  T = 0 at  z = 0 by the condi t ion  

0'_y_~ = 0 a t  z = 0 (2.2) 
Oz ~ 

To find the s t ab i l i t y  c r i t e r i o n ,  we m u s t  f ind a 
r e l a t i o n  be tween  the p a r a m e t e r s  R, P,  k fo r  which 
t h e r e  e x i s t s  a so lu t ion  of (2.1) which is  p e r i o d i c  in 
t i m e .  As is  we l l  known, the m a i n  r eg ion  of p a r a -  
m e t r i c  r e s o n a n c e  c o r r e s p o n d s  to mot ion  with a 
f r equency  equal  to one ha l f  of the exc i t a t ion  f r equency .  
T h e r e f o r e  we may  seek  a " h a l f - i n t e g e r "  p e r i o d i c  
so lu t ion  of  (2.1) in the  fo rm 

v : vl(z) cos + v2(z) sin ~ -  + . . -  (2.3) 

u s ing  the F o u r i e r  method .  H e r e  vt(z ) and v2(x ) a r e  the 
a m p l i t u d e s  of the  b a s i c  h a r m o n i c  with the f r equency  
1/~fP. The u p p e r  h a r m o n i c s ,  which  we have not  w r i t -  
t en  out h e r e ,  have  the f r e q u e n c i e s  3/~fP, 5/4"P; . . . .  
Substituting (2.3) into (2.1) and retaining only the basic 
harmonic, we obtain a system of ordinary homogen- 
eous differential equations for the Fourier-amplitudes 

vl(z ) and v2(z): 

P A ~ v l -  (1 + P )  A ~ v ~ -  A v  1 = k ~ P B  (% v ~ - - ~ _  v~), 

PASv~ + (t + P )  A~v~-  Av~ = k~PR (~_ v~ + %  v~), 

(~+_=l/~e-Z(coszz~sinz), A=d~/dz~--kZ). (2.4) 

The a m p l i t u d e s  v i and v 2 s a t i s fy  the homogeneous  
boundary  condi t ions  

vl,~=v~,~=v~.~ v 0 at  z=0 ,  

v~,~ -+ 0 at z - ,  oo. (2.5) 

To find an a p p r o x i m a t e  so lu t ion  of the  b o u n d a r y -  
va lue  p r o b l e m  (2.4), (2.5) we can u s e  the  K a r m a n -  
Poh lhausen  method,  u s e d  in b o u n d a r y - l a y e r  t heo ry  
[4]. A c c o r d i n g  to th is  method,  the so lu t ion  is  a p p r o x -  
i m a t e d  by an a s s u m e d  e x p r e s s i o n  which t a k e s  account  
of the  boundary  cond i t ions ,  and the p a r a m e t e r s  in that  
e x p r e s s i o n  a r e  then d e t e r m i n e d  f r o m  i n t e g r a l  r e l a -  
t ions .  In our  ca se  the bounda ry  condi t ions  for  vl  and 
v2 a r e  i den t i ca l ,  so tha t  in the f i r s t  app rox ima t ion ,  

involving the m i n i m u m  n u m b e r  of p a r a m e t e r s ,  we 
m a y  a s s u m e  

v x (z) = e l f  (z), v~ (z) = c~F (z) (2.6) 

wi th  a c o m m o n  function 

F (z) = (3z + 3az ~ + a~z 3) e -az (2.7) 

which  s a t i s f i e s  (2.5). H e r e  a i s  a p a r a m e t e r  which  
c h a r a c t e r i z e s  the  depth of p e n e t r a t i o n  of the  p e r t u r b a -  
t ions .  

, . 3 1,9170 

" , 4 = 1  / 

P ' r  1 /  ..... t~gk 

-I -o,s as 

Fig .  1 

Subs t i tu t ing  (2.6) into (2.4) and i n t eg ra t i ng  with 
r e s p e c t  to z f rom 0 to 0% we obta in  a s y s t e m  of 
homogeneous  a l g e b r a i c  equa t ions  for  c t and c 2. The 
c o m p a t i b i l i t y  condi t ion  of th i s  s y s t e m  y i e l d s  a r e l a -  
t ion be tween  the p a r a m e t e r s  

j r~  __ (11 - -  PI~)  ~ + ( t  -+- P)~ I22 
a4k4p2K~ 

where (K 2 ae(Sa +4)~+4(2a + l)2 
- -  2 [(a + i)2 + i](-  -) 

11 = a  S + 5 k  2,12 a ~ + 2 k ~ a  ~ + 5 k  4, 

13 =5a  8 + 3k2a 4 + 3k4a ~ -+- 5k% (2.8) 

An ana logous  r e l a t i o n  can be  d e r i v e d  for  the c a s e  
of a so l id  boundary .  In that  c a s e  i t  is  m o r e  convenien t  
to u s e  (1.8). The F o u r i e r  expans ion  of the "ha l f -  
i n t e g e r "  p e r i o d i c  so lu t ion  of (1.8) beg ins  with the  
h a r m o n i c s  

f t 
v = v ~ ( z )  cos~pp +v2(z)  s i n - ~  + . - .  

t . (2.9) T = Tl(z) c o s ~  ~- T~(z) Sill ~ f f  + . . .  

Subs t i tu t ing  (2.9) into (1.8) and neg lec t ing  the h ighe r  
h a r m o n i c s ,  we obta in  a s y s t e m  of homogeneous  
ordinary differential equations for the amplitudes v I, 
v~., Ti, and T2. For the sake of brevity we do not 
write it out. The approximations for the amplitudes 
are now 

vl = clF (z), v2 :-  QF  (z), 

T1 : dl(I) (z), T2 : d2~ (z) 

w h e r e  
(2.10) 

F (z) = z~e -'~, ap (z) = (z + az ~) e-'~L (2.11) 

This  choice  of F(z) and ~(z) s a t i s f i e s  the bounda ry  
condi t ions  

vl,~ : v l , ~ ' - - 0 ,  1'1,2 = 0  at  z=0;  

vl,~, T1.2 ~ 0 at  z--, oo (2.12) 
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a s  w e l l  a s  t h e  a d d i t i o n a l  c o n d i t i o n  

T~',2 = 0  a t  z = 0  

w h i c h  f o l l o w s  f r o m  (1 .8) .  

(2.13) 

75 Rr n ~ Z ' ~ . . . . . ~  

Z5 

f 
0 3 s 9 

F i g .  2 

I n t e g r a t i n g  t he  a m p l i t u d e  e q u a t i o n s  o v e r  z f r o m  0 
to  oo a n d  t a k i n g  a c c o u n t  of  (2 .10) ,  t he  c o m p a t i b i l i t y  

c o n d i t i o n  of  t h e  s y s t e m  f o r  c l ,  cz, d l ,  a n d  d z y i e l d s  
a r e l a t i o n  a n a l o g o u s  to (2 .8 ) :  

R2 = 2 l(a + 1) 3 + tl  s [( I t I2P - -  3k2) ~ + ( 3 l i p  + I2k~) 2] 
9MaSP2 

11 = 3a 4 + M, I2 = aS + 3k~. (2 .14)  

3. T h e  r e l a t i o n s  (2.8) a n d  (2.14)  c o n t a i n  t h e  s t i l l  

u n d e t e r m i n e d  p a r a m e t e r  a .  U n l i k e  t h e  w a v e - n u m b e r  

k,  t h i s  p a r a m e t e r  c a n n o t  b e  s p e c i f i e d  i n d e p e n d e n t l y  

b u t  i s  d e t e r m i n e d  b y  t he  o t h e r  p a r a m e t e r s  of  t h e  

p r o b l e m .  To  d e t e r m i n e  t h i s  p a r a m e t e r  w e  c a n  u s e  

a n y  o t h e r  i n t e g r a l  r e l a t i o n ,  e . g . ,  t h e  m o m e n t u m  

e q u a t i o n .  In p r i n c i p l e ,  s u c h  a n  a p p r o a c h  w o u l d  y i e l d  

t h e  p a r a m e t e r  a a n d  t h e n  one  c o u l d  u s e  (2.8) and  (2.14) 

to  d e t e r m i n e  t h e  r e l a t i o n  b e t w e e n  R and  k a t  t h e  s t a b -  
i l i t y  limit ("neutral" curve) for the two cases con- 

sidered. This, however, leads to very cumbersome 
relations, not easily amenable to analysis. Therefore 
we had to restrict our analysis to the determination 
of the lower bound of the region of instability. 

One can see from (2.8) and (2.14) that for fixed P 
and k the hmction R(a) has a minimum at some point 

a 0. This value a 0 cannot, however, be regarded as a 
true characteristic measure of the penetration depth. 
But the corresponding minimum value R 0 is a lower 
bound of the region of instability for fixed P and k, 
i.e. essentially a lower bound for the amplitude @ 
necessary for the onset of convection for the given 
values of frequency and wavelength. 

Figure 1 shows the dependence of R0 on k for various values of 
the Prandtl number. The solid curves correspond to the case of a free 
surface; the dashed line corresponds to a solid boundary. The mini- 
mum of the R0(k) curve determines the critical perturbation wave- 
number k m and the critical values R m for a solid boundary are higher 
than the corresponding values for a free surface. For k >> I the stability 
curves for all Prandtl numbers coincide. Moreover, for large k the 
values R 0 are independent of the boundary conditions. 

When the Prandtl number increases, the critical Rayleigh number 
decreases and the minimum moves in the direction of long-wave per- 
turbations (Figs. 2 and 3; 1 and 2 correspond to a free surface and a 
solid boundary, respectively). 
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Fig .  3 

For water at 20 ~ C (P = 7), for instance, the critical R yleigh 
number for a free surface is R m = 20. Hence the condition for the 
onset of convection 

o > 20 ~ (2-~ ~/: \2X] " 

For a period of 1 rain the crkical amplitude is @ > 0.4 ~ C. 

T h e  a u t h o r s  a r e  g r a t e f u l  to  L. G.  L o i t s y a n s k i i  f o r  

h e l p f u l  c r i t i c i s m .  
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